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Plasticity in soft amorphous materials typically involves collective deformation patterns that emerge on intense
shearing. The microscopic basis of amorphous plasticity has been commonly established through the notion of
“Eshelby”-type events, localized abrupt rearrangements that induce flow in the surrounding material via nonlocal
elastic-type interactions. This universal mechanism in flowing disordered solids has been proposed despite their
diversity in terms of scales, microscopic constituents, or interactions. Using a numerical particle-based study,
we argue that the presence of frictional interactions in granular solids alters the dynamics of flow by nucleating
micro shear cracks that continually coalesce to build up system-spanning fracturelike formations on approach
to failure. The plastic-to-brittle failure transition is controlled by the degree of frictional resistance which is in
essence similar to the role of heterogeneities that separate the abrupt and smooth yielding regimes in glassy
structures.
DOI: 10.1103/PhysRevE.100.012908
I. INTRODUCTION
Amorphous solids exhibit collective features on applica-
tion of stress. A dense granular matter, for instance, forms
a complex force network under compression with chain-like
structures—termed force chains—that are extended far be-
yond the grain size [1–3]. On shear failure, system-spanning
strain features emerge which are commonly referred to as the
“shear-banding” phenomenon [4]. Emergence of the macro-
scopic failure is not abrupt but is commonly preceded by
critical fluctuating patterns that have been recently described
in the context of the so-called yielding transition [5]. The
microscopic basis of this viewpoint is the appearance of
recurring plastic bursts that are quite localized in space but
have long-range elastic-type consequences [6,7]. The nonlocal
interactions lead to an avalanche-like dynamics associated
with the progressive formation of scale-free clusters near
the failure transition which may be viewed as a continuous
second-order phenomenon [8,9].
Due to structural heterogeneities, the failure patterns in
disordered systems tend to be rather diffuse with cascades of
events that are highly intermittent and scattered in time and
space. As the transition approaches, the rate of plastic activity
smoothly accelerates over an extended period of time and
fluctuations become correlated covering large scales [10,11].
In certain systems that lack the heterogeneity element, the
nucleation process takes place sequentially creating spatially
elongated formations that are marked with a spontaneous
release of the accumulated energy. In the latter case, no
or very few detectable precursory signals precede the main
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event, which bears undesired consequences in terms of failure
forecasting [12]. The “diffuse”-to-“localized” transition was
reported experimentally in Coulombic materials (such as co-
hesive rocks) where the failure modes appear to be controlled
by internal friction [13]. This view was validated within
the context of the continuum damage where a low internal
friction lead to more scattered damage distributions [14]. The
frictional strength is a bulk property in these materials and
refers to the dependence of the macroscopic failure stress
on the pressure as indicated by the Mohr-Coulomb failure
criterion.
In the context of granular media composed of frictional
grains, the macroscopic response also obeys Coulomb phe-
nomenology with a bulk frictional property that does not
necessarily match the intergrain friction [15]. Recent granular
experiments have analyzed the anisotropic structure of the
mesoscopic patterns within the context of linear elasticity
and the concept of shear transformations accompanied with
local dilatancy [7]. In a recent study [16], in the framework
of a standard elastoplastic model [17], the permanent local-
ization phenomenon in granular flow was rationalized via
an emergent weakening that was attributed to a compromise
between elastic-type couplings among small-scale events and
the pressure sensitivity in local yielding thresholds.
The aim of this paper is to make a distinction between two
contrasting failure mechanisms based on a purely microscopic
point of view. We base our analysis on the simulation-based
observation that the local dynamics of slip events is totally
sensitive to the extent of frictional strength (see Fig. 1).
In the absence of microscopic friction, flow is fully plastic
with grains that continually rearrange and locally slip in a
fashion quite similar to “T1′′ process in sheared foams [18].
Frictional flow, by contrast, is characterized by fast sliding
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FIG. 1. Slip kinematics at grain level. Top: Frictionless grains
undergo localized rearrangements. The black arrows display the area-
preserving nature of the transformation. Bottom: Frictional sliding
involves a chain of grains that ride up on one another producing
significant “dilatancy” during slip. This effect is indicated by shaded
areas with solid lines marking the average shear plane.
of mesoscale blocks which go through strong dilation on
shearing analogously to “Mode II” fracture [19]. We verify the
relevance of these elementary relaxation processes by using
discrete particle simulations and quantify the structure of
correlations that incur on macroscopic failure. We argue that
the grain-level friction governs the dynamics of avalanche-
like precursors that dictate the “brittleness” degree of the
ultimate failure and, therefore, alter the nature of transition.
The granular perspective has also been utilized in rheological
settings to rationalize the “dynamical” transition between the
viscous fluid-type behavior and solid-like jammed phase at
some critical shearing rate [20]. Here, however, the transition
is restricted to a slowly driven densely packed solid revealing
different deformation patterns on failure.
This transition is relevant in a broad range of failure
contexts, including the yielding process in soft matter (foams
[18], dense emulsions, and colloidal suspensions [21]), brittle
fracturing in Coulombic materials [22], and shear faulting in
earthquake dynamics [23]. We have made robust correlation-
based, damage, and failure precursor analyses to quantify
this cross-over in constitutive behavior from ductile plastic
deformations to brittle failure. In particular, we show that,
for frictional systems, a damage-based approach is relevant.
This means that, although at the microscopic (particle) scale
no irreversible mechanisms are introduced (cohesionless par-
ticles), an irreversible, progressive degradation of the elastic
properties of the medium takes place throughout the defor-
mation process. This makes the analogy with brittle cohesive
solids even more pertinent and reveals the emergence of very
FIG. 2. Biaxial compression setup. The white disks (with radii
Rs and Rb) represent the bulk sample with size L. The overlapping
grains interact via linear springs kn(t ) sketched in the inset. The lateral
arrows indicate the confining pressure p0 regulated by the barostat.
The vertical arrows indicate the strain-controlled condition with a
constant axial rate of ˙yy.
long memory timescales in those systems. We also show that
such memory is absent in frictionless systems.
II. BIAXIAL COMPRESSION
We used bidisperse packings of N frictional disks with radii
Rs and Rb simulated numerically in a biaxial loading geometry
illustrated in Fig. 2. We set Rb/Rs = 1.4 and Nb/Ns = 1,
where Nb(s) denotes the number of grains in each species.
The ith and jth particles with position vectors ri, r j and
orientations θi, θ j may interact with each other when the over-
lap δ = Ri + Rj − |ri − r j | > 0. The normal and frictional
contact forces are
fn = −kn δ en,
ft = −kt ui jt et , (1)
with the unit normal and tangential vectors en = (ri −
r j )/|ri − r j | and et . Here kn and kt are the normal and tan-
gential spring constants, respectively. The relative tangential
displacement between the two grains in contact is computed
as u
i j
t =
∫
t ′ vt dt
′ with the tangential components of the
relative velocity vt = (˙ri − ˙r j ) · et + Ri ˙θi + Rj ˙θ j .
In the following, we will assume that the friction force can
be expressed as a linear function of the normal contact force,
in accordance with Coulomb’s law. Therefore, the distance to
local failure at any contact point may be expressed by
fy = | ft | − μ| fn|, (2)
where μ is the microscopic friction coefficient. Below the
failure limit, fy < 0, the tangential force grows according
to Eq. (1). On local yielding at fy = 0, the contact be-
comes fully plastic with the tangential force held constant
until the grains lose contact. A linear drag force fvis =
−m τ−1d ˙r is applied on each grain with mass m and dissi-
pation timescale τd . On top of that, a normal and tangential
pair drag term f dragn(t ) = −m γn(t ) vn(t ) en(t ) with vn = (˙ri − ˙r j ) ·
en was included with corresponding rates γn(t ). The rate
unit (inverse timescale) is set by the vibrational frequency
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ω2n(t ) = kn(t )/m. Newton’s equations of motion were solved
in large-scale atomic/molecular massively parallel simulator
[24],
mi ¨ui = fn + ft + fvis + f dragn + f dragt ,
miR2i ¨θiez = Ri en ×
( ft + f dragt
)
. (3)
We also set the discretization time t = 0.05 ω−1n and
kn/kt = 2. Furthermore, τ−1d /ωn ≈ 2 and γn(t )/ωn(t ) ≈ 2 to
recover the overdamped dynamics with the damping rates
that are high enough in comparison with the vibrational fre-
quencies. Frictional sliding introduces an additional form of
relaxation with the energy dissipation rate defined as 	fric =∑
i j μ| fn| vt involving the sliding contact pairs i j only, i.e.,fy = 0. The overall dissipation rate has, therefore, two distinct
viscous and frictional contributions with the latter dominating
the relaxation process at high (static) friction coefficients.
Prior to shearing, samples were prepared by assigning N
particles randomly in a biperiodic L × L square box which
was then precompressed isotropically using a Berendsen baro-
stat to a target stress σyy = σxx = −p0. Here the bulk stress
tensor
σαβ = L−d
∑
i
∑
i< j
( fi j ⊗ ri j )αβ, (4)
is defined using the Kirkwood-Irvine expression [25] where
fi j = fn + ft and ri j = ri − r j . Please note that grains were
assumed frictionless during compaction. A strain-controlled
condition was subsequently applied by deforming the periodic
box along y at a constant axial strain rate ˙yy. During the
loading phase, the simulation box remained coupled to the
barostat along x with σxx retained at the precompression level
−p0. The numerical range of the applied pressure p0 we have
tested corresponds to the average overlap δRs  0.01 − 0.1.
A quasistatic protocol was implemented at very low ˙yy,
resulting in the stress evolution that was almost insensitive
to the loading rate. Within this rate-independent regime, the
slowly driven solid reveals contrasting failure patterns de-
pending on μ. It should be noted that the failure context
differs from the rheological transition described by Wyart
and Cates [20] where rate effects lead to the competition
between mobilizing frictional contacts and lubrication-based
hydrodynamic interactions resulting in different dissipation
mechanisms.
We performed a series of strain-controlled tests on samples
with friction coefficient μ and initial pressure p0. The re-
sulting load curves σ = 12 (σxx − σyy) with σxx = −p0 against
shear strain  = 12 (xx − yy) along with the evolution of
volumetric strain v = xx + yy are reported in Figs. 3(a) and
3(b) with μ = 0 and μ = 0.4, respectively. A peak stress is
typically developed in the frictional sample followed by a
sheer reduction in strength as the loading continues.
In the absence of friction, the stress rises monotonically
toward its flowing state. The deformation is accompanied by
substantial dilatancy in Fig. 3(b) prior to yielding, a common
property of frictional media. By contrast, Fig. 3(a), corre-
sponding to frictionless particles, shows a well-established
steady flow following the initial transient regime with almost
no net volume change.
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FIG. 3. Results of strain-controlled tests at (a) μ = 0 and (b) μ =
0.4 with p0 = 0.01 and N = 80 × 80. The bulk shear stress σ and
dilation v are denoted by different symbols and colors in each graph.
The insets are close-up views of the main plots. Spatial maps of local
shear strain (r) are illustrated at (c)  = 0.08 for μ = 0 and (d)  =
0.1 for μ = 0.4. Arrows mark displacements that occurred within the
material over an unloading (stress drop) period.
Strong fluctuations are present in both samples at all
times subsequent to the yield point. The stress dynamics is
characterized by abrupt falloffs preceded by longer periods
of stress build-up as in the insets of Figs. 3(a) and 3(b).
Local shear strains (r), incurred during a typical stress drop,
demonstrate the highly extended and anisotropic nature of
bursts in the presence of frictional interactions in Fig. 3(d).
The structure of the microscopic flow illustrated in Fig. 3(c)
has the appearance of a classical Eshelby process. Here we
also note the dynamical characteristics of elementary slip
mechanisms. The overdamped motion of particles was im-
posed by implementing strong viscous-like drag within the
microscopic dynamics. Besides, dry friction amounts to an
additional source of energy dissipation that dominates the
relaxation process associated with frictional sliding [26,27].
Stress discontinuity
We noted that the decay of stress tends to become more
pronounced at higher friction and/or pressure. The results of
the compression test plotted in Fig. 4(a) at μ = 0.4 under
different imposed pressures p0 and also multiple friction
levels at constant pressure p0 = 0.04 of Fig. 4(b) demonstrate
that the nature of bulk response will depend on the two
control parameters, p0 and μ. In both graphs, the stress over-
shoot tends to become more prominent in strongly frictional
and/or confined aggregates with the former being even more
effective than the latter as suggested in Fig. 4(b). Indeed,
similar numerical observations were made within the context
of glass rheology and its dependence on preparation protocols
[28]. More specifically, the yielding regime was found to be
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FIG. 4. Evolution of the bulk (normalized) stress σ¯ as a function
of (normalized) strain ¯ with (a) μ = 0.4 at multiple p0 and (b) p0 =
0.04 at several friction coefficients with the system size N = 80 ×
80. Here σ f and  f denote the peak stress and the corresponding
strain, respectively. The control parameter is the axial strain yy.
The arrows indicate the increasing pressure in (a) and friction value
in (b).
sensitive to the degree of annealing in prepared samples which
itself regulates heterogeneities in the glass structure.
Based on this picture, the emergence of shear localization
in “well-aged” glasses, accompanying the macroscopic stress
drop, was interpreted in the framework of the nonequilibrium
phase coexistence and first-order discontinuous transition.
These findings were independently validated in the context
of the elastoplastic models and mean-field estimations in
Ref. [29] by arguing that the statistical distribution of local
instability thresholds will depend on the extent of struc-
tural heterogeneities in the quenched glass and, therefore,
is accountable for the brittle fracture-like transition. In the
present study, however, the ductile-to-brittle transition is not
controlled by the initial annealing of the system (initial het-
erogeneity is statistically the same for different samples) but
by the interparticle friction μ.
III. CORRELATION PATTERNS: POINTLIKE ESHELBYS
VS CRACK ARRAYS
We probe the two-point correlation function between two
different positions r ′ and r ′′ in space C (r) .= 〈(r ′)(r ′′)〉
with r = r ′ − r ′′. The brackets 〈...〉 denote spatial averaging
over different realizations. (r ′) corresponds to the shear de-
formation the material accommodates over the period of each
stress drop [30]. Naturally, anisotropic patterns should induce
distinct angular symmetries in the correlations as illustrated
in Figs. 5(e) and 5(f). A typical fourfold structure is observed
at μ = 0 with maximum lobes oriented along 45◦ and 135◦
corresponding to the maximum shear planes. The anisotropic
part C (θ ) = 〈C (r)〉r , the averaged correlation function over
distance r = |r| along θ , contains the quadropolar symmetry
shown in Fig. 5(b). The radial part C (r) is displayed in
Fig. 5(a) along four different orientations. The power-law de-
cay, over almost two decades of distance r, marks the nonlocal
nature of fluctuations during the plastic flow. The correla-
tions fall off as r−ν with the scaling exponent that seems
to have modest angular dependence as reported in dense
sheared glasses [31]. We find ν  1 at θ = 0◦(
), 90◦() and
ν  2 for θ = 45◦(◦), 135◦(). The latter scaling may be
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FIG. 5. Strain correlations C (r) at p0 = 0.01 for (top) μ = 0
and (bottom) μ = 0.4. [(a) and (c)] The radial part of the correlation
function C (r) along four different orientations as indicated in the
graphs. The curves are shifted vertically for the sake of clarity. The
dashed lines are guides to the power laws with the corresponding
exponents. Note that −C (r) is plotted at θ = 0◦ and 90◦. [(b) and
(d)] The anisotropic part C (θ ) vs θ . The dashed (red) curve marks
C (θ ) ∝ −cos 4θ . [(e) and (f)] Correlation maps. The scale bars
denote the scale of each map. The dashed lines indicate maximal
correlation directions.
understood on the basis of localized Eshelby events with
long-range disturbance of the form r−d in the surrounding
d-dimensional medium [32].
In the presence of friction, the quadropolar shape is dis-
torted as in Fig. 5(d) with the correlation profile growing
sharply toward its maxima. The maximal correlation angles
differ from the canonical 45◦ (135◦) becoming tilted toward
planes with lower normal stresses, an expected behavior of
pressure-sensitive materials. The characteristic angle θ  60◦,
indicated by the dashed line in Fig. 5(f), seems to be in dis-
agreement with the Mohr-Coulomb orientation θMC = 45◦ +
φ
2 with φ = tan−1μ  22◦. The latter orientation is tradition-
ally treated as a macroscopic failure angle in granular aggre-
gates and brittle rocks [33] and, as we evidenced in Sec. III A,
θMC somewhat underestimates the preferential inclination of
strain fluctuations. Figure 5(c) examines the spatial decay of
C (r) along four angles. At θ = 0◦(
), 90◦(), within the
negatively correlated sectors, fluctuations become nearly flat
having weak variations with r. At θ = 60◦(◦), θ = 120◦(),
the data fall off as r−1 at small and intermediate scales and
more steeply as r−2 at larger distances. We conjecture that the
former scaling signifies the role of near-field contributions in
the presence of finite-sized slip zones which can be treated as
Eshelby features in the far-field, giving grounds for the latter
power-law decay. The nonremote approximation is, however,
at odds with the classical σ∞
√
a
r
stress singularity near the
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FIG. 6. Anisotropic part of the strain correlation function C (θ )
and its dependence on the friction angle φ = tan−1μ at p0 = 10−2.
(a) Locations of the peaks in C (θ ) denoted by θpeak versus φ. The
dash-dotted lines in the plot designate Mohr-Coulomb predictions.
[(b)–(e)] C (θ ) plotted against θ at φ  3◦, 11◦, 17◦, 31◦ correspond-
ing to μ = 0.05, 0.2, 0.3, 0.6. Gaussian fits are denoted by the
dashed curves. [(f)–(i)] Strain correlation maps. The dash-dotted
lines in the strain maps are Mohr-Coulomb orientations 45◦ + φ2 . The
correlation analysis is similar to the one presented in Fig. 5 of the
main text.
crack tip of size a loaded remotely by uniform shear σ∞ [34].
In fracture mechanics, the stress intensity is mediated by the
geometry of cracks and elasticity of the embedding solid,
whereas the near-field divergence in our data is in parts due
to the progressive coalescence of interacting Eshelbys leading
to the formation of fractal units with dimension d f  1.
Therefore, ν = d − d f taking into account the morphology of
the embedded elements which are elongated in space and, as a
result, induce longer-range perturbations of the form r−(d−d f )
within the solid matrix.
The geometry of the deformation patterns reflects the
mesoscopic character of the frictional flow. That is, yielding
initiates locally via scattered micro cracks that propagate as
the stored stress (or energy) at the crack tip reaches some
local thresholds, i.e., critical intensity factor (toughness) Kc
in the context of fracture mechanics. Due to fluctuations in
fracture toughness and heterogeneities, the propagation halts
after the crack front hits rigid regions in space. The radiated
energy will subsequently induce long-range stress fluctuations
which decay as 1
r
in our model and will activate vulnerable
cracks elsewhere. This avalanche dynamics preferentially oc-
curs along characteristic angles which result from long-range
elasticity coupled with local friction law [16].
Validity of the Mohr-Coulomb framework
Figure 6 displays the anisotropic part of the correlation
function C (θ ), averaged C (r) over distance r = |r|, at
multiple friction angles φ = tan−1 μ. There are two marked
maxima in each data set of Figs. 6(b)–6(e) that correspond
to the positive sectors of the correlation maps illustrated in
Figs. 6(f)–6(i). We quantify the positions of these peaks by
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FIG. 7. Stress-controlled oscillatory shear perturbation. (a) The
stress paths in terms of the normalized stress σ¯ and shear strain
¯ prior to the failure point ( f , σ f ) at three different stress levels.
The arrows indicate the maximum stress and loading directions in
the graph. The amplitude of oscillations is denoted by δσ . The slope
of the dashed line measures the shear modulus of the intact state
G0. (b) Close-up view of the loading-unloading sequence and the
associated modulus G. The inset shows the phase evolution of σ¯ and
¯ with ωσ being the frequency of shear oscillations.
fitting a sum of two Gaussian peaks to the data which are
denoted by θpeak in Fig. 6(a).
We find that the theory does not apply because slip lines
will not occur on planes with critical ratio between the
resolved shear and normal stress, as stated by the Mohr-
Coulomb criterion. This discrepancy might be due to the pres-
ence of surface irregularities (grain size distributions in our
case) with an additional topological contribution that tends
to enhance the intergrain friction. This results in a mismatch
between μ and the macroscopic internal friction with the latter
inferred from the failure envelope or Mohr-Coulomb diagram
which quantifies the dependence of failure stress on the pres-
sure (data not shown here). Another effect could be related
to dilation which reduces the local contact number between
particles (cf. Fig. 8) and, therefore, the effective surface area
resulting in a deviation from Coulomb’s predictions [15].
IV. DAMAGE ACCUMULATION VS HEALING
A damage-based analysis was made by perturbing the
stressed samples via a low amplitude-low frequency shear
δσ sin(ωσ t ) displayed in Fig. 7(a). Here the magnitude of
perturbation is δσ  σ˙t with the frequency of oscillations
ωσ  0.1 ωn. On periodic loading in Fig. 7(b), the shear
response finally enters a limit cycle that enables for measure-
ments of the associated shear stiffness G.
Our key observation is that the addition of friction law
alters the constitutive behavior from ductile flow to brittle
deformation. Apart from fluctuation patterns, the transition is
manifested in terms of the mean stress response in Fig. 3(b)
which is accompanied by remarkable softening—an absent
feature in Fig. 3(a). This deformation mechanism is compara-
ble to the progressive damage that will effectively deteriorate
elastic properties in brittle materials [22,35]. In the framework
of continuum damage [36,37], this effect is quantified via
the damage function D relating the (shear) modulus of the
undamaged state to that of a previously loaded stress-free
sample.
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To validate our hypothesis, we performed oscillatory shear
tests and determined the bulk shear modulus G at multiple
prefailure stress levels σ < σ f . The damage index is defined
as D .= 1 − GG0 with G0 = G|σ→0 denoting the sample rigidity
in the predamage regime. Another related quantity is the
mean coordination z which delineates the average number
of contacts per particle. Figure 8 displays the evolution of
G and D as well as z with σ and  = 1 − σ
σ f
. The plateau
regimes in Figs. 8(c) and 8(d) suggest that, in a plastic flow,
the material heals itself with immediate recovery of the initial
elastic property. This contrasts with the progressive damage
scenario corresponding to the frictional aggregate in Figs. 8(a)
and 8(b) which signs the presence of long-term memory
that accompanies the prefailure deformation even though no
irreversible bond breaking occurs at the particle scale. The
observed reduction of the z number and the resulting softening
in G were evidenced in granular experiments by probing the
speed of elastic waves [38]. We also note that both features
in frictional systems coincide with the progressive dilatancy
which, as discussed in Sec. III, leads to a discrepancy between
the maximum correlation direction and Mohr-Coulomb fail-
ure angle.
V. FAILURE TRANSITION: SHARP VS SMOOTH
A number of stress-controlled tests was also carried out
where barostating was applied on both dimensions x and y
with σxx = −p0 and σyy = −p0 − 2σ . Here 2σ represents the
normal stress difference being applied at a slow rate σ˙ . On
quasistatic loading, the shear response  shows remarkable
softening in Fig. 9(a) that evolves smoothly at low stress
σ but then reveals intermittent features as the deformation
proceeds. The fluctuations are more pronounced in the (tan-
gent) compliance ˙ .= ∂
∂σ
as in Fig. 9(b) with a noise floor
˙c that is frequently interrupted by narrowly distributed peaks
termed as avalanches. The avalanche size S = ∫ σi+σ
σi
σ ˙ dσ
has dimensions of energy per unit volume and corresponds to
an avalanche initiating at σi with duration σ . We quantified
the temporal fluctuations of S in terms of the statistical mean
〈S〉 and maximum size Smax computed over stress bins that are
typically one order of magnitude larger than the discretization
value σ˙t .
The critical fluctuations illustrated in Fig. 10 demon-
strate the highly intermittent nature of preyielding dynamics.
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˙
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FIG. 9. Results of stress-controlled biaxial tests. Evolution of
(a) the strain  and (b) the tangent compliance ˙ with the imposed
stress σ prior to the failure point at p0 = 0.01, μ = 0.1, and N =
80 × 80. The insets are the close-up views of the main graphs. The
dashed line indicates the noise floor ˙c. The avalanche initiation, du-
ration, and its magnitude are indicated by σi, σ , and S, respectively.
The macroscopic observable, S, probed here physically rep-
resents the accelerating energy release that accompanies the
deformation. σ f denotes the failure stress in stress-controlled
tests performed so as to track accurately the evolution of
this quantity. Our focus will be on the failure prediction
context and the relevant precursory index in our model, i.e.,
the maximal avalanche size Smax and the corresponding mean
value 〈S〉 [39,40].
In Fig. 10(a), the fluctuations seem to grow exponentially
in size for μ = 0, but accelerate at μ = 0.4 with a form
that closely matches an algebraic divergence as shown in
Fig. 10(b). The inset displays the evolution of 〈S〉 and Smax as
a function of . The fluctuations correspond with slip events
that occur over a broad range of scales limited by the distance
to the criticality and, naturally, the physical system size. The
latter, in fact, corresponds to the plateau region as  → 0. In
the early stages of loading, 0.5   < 1, very few precursory
signals are detected at the higher friction value which makes
the ensuing transition steep and, therefore, more brittle-like.
FIG. 10. The avalanche size S in a stress-controlled setup vs σ
σ f
prior to the ultimate failure at p0 = 10−2 and N = 80 × 80 with
(a) μ = 0 and (b) μ = 0.4. The inset illustrates the evolution of 〈S〉
and Smax with  = 1 − σσ f on log-log scale. The dash-dotted curves
in the inset are guides to the power law. The red curves in the main
plots indicate Smax ∝ exp(− ∗ ) with ∗ being a constant in (a) and
the inverse squared divergence Smax ∝ 12 in (b).
012908-6
FROM PLASTIC FLOW TO BRITTLE FRACTURE: ROLE … PHYSICAL REVIEW E 100, 012908 (2019)
This is fully consistent with the approach to compressive
failure in heterogeneous, cohesive, and brittle materials [22]
but at odds with the smooth evolution of the order parameter
in frictionless samples which sets in right at the outset of the
deformation and indicates plastic shearing.
VI. CONCLUSIONS
We have taken a microscopic viewpoint of shear deforma-
tion in granular aggregates by considering the dynamics of
local slips. At the scale of individual constituents, friction-
less grains relax internal stress via localized Eshelby modes
which is quite distinguishable from abrupt shear faulting in
the presence of friction. The disparity between these two
elementary mechanism has a direct implication on the nature
of macroscopic response; while the former mechanism leads
to a bulk plastic flow, the latter feature indicates a brittle
failure transition.
Based on this kinematic description, we have quantified the
spatial correlation patterns corresponding to each process. In
one case, the angular relations and spatial decay of correla-
tions conform to the expectations of an Eshelby process, i.e.,
fourfold angular symmetry with ductile shearing which occurs
on planes of maximum shear stress. In the context of frictional
flow, the zone of strain localization did not look to be aligned
with the Coulomb orientation. Besides, linear elastic fracture
mechanics would lead us to expect a different scaling for the
spatial variations of the near-field strain patterns for a Mode
II crack. Fineberg et al. [41] recently showed that frictional
interfaces can be considered as shear cracks as well, at least
in terms of elastic strains with 1√
r
singularity. This prediction
does not seem to be admissible by our data where arrays of
coordinated Eshelby features lead to 1
r
scaling behavior.
The critical transition observed in the presence of friction
may be attributed to progressive damage mechanism and
associated weakening that are common failure process in
Coulombic materials [22]. In the absence of friction, the sup-
pression of criticality can be interpreted in the context of me-
chanical healing [35,42,43], a prevalent mechanism in ductile
flows with microscopic constitutive elements that rearrange
continually. In fact, the failure dynamics in the latter case
lacks a unique critical point as evidenced by the nonsingular
exponential-like acceleration of the radiated energy. Similar
observations were made in the context of crystal plasticity and
dislocation avalanches [44,45] where the noncritical dynamics
was attributed to the formation of dislocation junctions and
associated strain hardening.
A possible extension of the present work could be the study
of failure patterns in a more realistic loading set-up (i.e., with
rigid walls or triaxial test) to explore the validity domain of
the proposed framework in the presence of boundary effects
and/or in three-dimensional systems.
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